Introduction
Fractional differential operators have a long history, having been mentioned by Leibniz in a letter to L'Hopital in 1695. However, it is in the past hundred years that the most attractive work in engineering and scientific application have been found. It is widely and efficiently used to describe many phenomena arising in engineering, physics, economy and science. A family of numerical [1] [2] [3] , semi-analytical [4] [5] , and analytical methods has been developed for solving ordinary and fractional differential equations [6] [7] . Many partial differential equations of fractional order have been studied and solved. For example many researchers studied the existence of solutions of the Black-Scholes model using many methods [8] [9] [10] [11] [12] .
The Black-Scholes equation is one of the most significant mathematical models for a financial market. It is a second order parabolic partial differential equation that governs the value of financial derivatives. The BlackScholes model for pricing stock options has been applied to many different commodities and payoff structures. The Black-Scholes model for value of an option is described by the following equation:
where ψ(x, τ ) is the European option price at asset price x and at time τ , T is the maturity, r(τ ) is the risk free interest rate and σ(x, τ ) shows the volatility function of underlying asset. The payoff functions are:
where ψ c (x, τ ) and ψ p (x, τ ) are the price of the European call and put options, respectively. E is the exercise price for the option.
In this work, we let the below given fractional Black-Scholes equation
The aim of this paper is to applied the Sumudu Transform for pricing European option of Fractional version of the Black-Scholes equation by using Sumudu transform and its integral and differential properties.
Sumudu Transform
The Sumudu transform is an integral transform, first proposed by Watugala in 1998, [13] to find solution of differential equations and solve engineering problems.
The Sumudu transform is explained over the set of functions:
by the following formula
2)
The existence and uniqueness was given in [14] . For more information and properties of Sumudu transform and its derivatives, [14] [15] [16] [17] [18] [19] . Actually one can simply prove that there is a big connection between double Sumudu and double Laplace transforms.
Basic Definitions of Fractional Calculus and Sumudu Transform
Definition 1 A real function ψ(x), x > 0 is in the space K µ , µ ϵ R if there is a real number λ > µ such that ψ(x) = x λ g(x), where g(x) ϵ K [0, ∞) and it is in the space K m µ if and only if ψ (m) ϵ K µ for m ϵ N.
Definition 2 The Riemann-Liouville fractional integral operator of order q of a function ψ(x) ϵ K µ ,µ ≥ -1 is given as follows
The operator J q has some properties, for q, r ≥ 0, ξ, µ ≥ −1 and C a real constant: 
Definition 3 The Caputo Fractional derivatives
and has the following properties for m
Definition 4
The Mittag-Leffler function E q (x) with q > 0 is defined by the following series: [20 − 21] : 5) and the inverse sumudu transform of:
Definition 5 The Sumudu transform S[ψ(τ )] of the Riemann-Liouville fractional integral is given as below
[20 − 21] S[J q ψ(τ )] = u q S[ψ(τ )] . (3.4)
Definition 6 The Sumudu transform S[ψ(τ )] of the Caputo fractional derivative is given as below
S[D q ψ(τ )] = u −q S[ψ(τ )] − m−1 ∑ k=0 u −q+k ψ (k) (0), m − 1 < q ≤ m ,(3.S −1 [ m−1 ∑ k=0 u k ψ (k) (0)] = m−1 ∑ k=0 τ k ψ (k) (0) Γ(k + 1) . (3.6)
Analysis of Proposed Fractional Sumudu Transform Method
To show the fundamental scheme of this technique, we let the given below fractional PDE:
by the initial condition
here D q τ = ∂ q /∂τ q is the fractional Caputo derivative, L is the linear differential operator, ℵ is the nonlinear differential operator, and Q(x, τ ) is the source term of the function ψ (x, τ ). Now, both sides using the Sumudu transform (4.1),
Applying the differential property of Sumudu transform,
Applying both sides the Sumudu inverse (4.4)
Applying the integral property of Sumudu transform
The technique suppose a series solution for ψ(x, τ ) given by
then the terms ψ n (x, τ ) follows: 
Applications and Discussions
In this section, we discuss the implementation of our proposed algorithm and investigate its accuracy.The simplicity and accuracy of this proposed method is illustrated through the following Fractional Black-Scholes equations. 
Example 1 Let the given below fractional Black-Scholes option pricing equation [12]
Using both sides the Inverse Sumudu,
Using the integral property of Sumudu transform,
The method assumes a series solution for ψ(x, τ ) 6) and the functions(f k ) k=0... are given by:
. .
So that the solution ψ(x, τ ) in series form is defined as
So that the solution ψ(x, τ ) of the equation is defined as
where E q (x) is Mittag-Leffler function in one parameter. For special condition q = 1, we get 
Example 2
In this example, let the given below generalized fractional Black-Scholes option pricing equation [10] defined as:
by initial condition
Now, using the Fractional Sumudu transform method with the initial condition,
Operating with the integral property of Sumudu transform,
The technique assumes a series solution for ψ(x, τ ) 
. . .
So that the solution ψ(x, τ ) of the equation is followed by 
Conclusion
In this paper, a concept of the Sumudu transform and its derivatives is successfully applied for pricing European option of the fractional Black-Scholes equation. Two examples from the literature [22] are presented to determine the efficiency and simplicity of the proposed method.This scheme was clearly very efficient and powerful technique in finding the solutions of approximate solutions as well as numerical solutions.
